Abstract. The congruences for Jacobi sums of some lower orders has been treated by many authors in the literature. In this paper we establish the congruences for Jacobi sums of order 2l 2 with odd prime l. These congruences are useful to obtain algebraic and arithmetic characterizations for Jacobi sums of order 2l 2 .
Introduction
Let e ≥ 2 be an integer, p a rational prime, q = p r , r ∈ Z + and q ≡ 1 (mod e). Let F q be a finite field of q elements. We can write q = p r = ek + 1 for some k ∈ Z + . Let γ be a generator of the cyclic group F * q and ζ e = exp(2πi/e). Define a multiplicative character χ e : F * q −→ Q(ζ e ) by χ e (γ) = ζ e and extend it on F q by putting χ e (0) = 0. For integers 0 ≤ i, j ≤ e − 1, the Jacobi sum J e (i, j) is define by J e (i, j) = However in the literature a variation of Jacobi sums are also considered and is defined by The study of congruences of Jacobi sums of some small orders is available in the literature. For l an odd prime Dickson [3] obtained the congruences
2 ) for 1 ≤ n ≤ l − 1. Parnami, Agrawal and Rajwade [9] also calculated this separately. Iwasawa [6] in 1975, and in 1981 Parnami, Agrawal and Rajwade [8] showed that the above congruences also hold (mod (1 − ζ l )
3 ). Further in 1995, Acharya and Katre [1] extended the work on finding the congruences for Jacobi sums and showed that
In this paper, we determine the congruences (mod (1 − ζ l 2 ) l+1 ) for Jacobi sums of order 2l 2 . We split the problem into two cases: Case 1. n is odd. This case splits into three sub-cases:
2 ) = 1.
Case 2. n is even. In this case the Jacobi sums J 2l 2 (1, n) can be calculated using the relation
(which has been shown in the next section).
Also we calculate here the congruences of Jacobi sums of order 9 which was not covered in [10] and revised the result of congruences of Jacobi sums of order l 2 for l ≥ 3 a prime.
Preliminaries
Let ζ = ζ 2l 2 and χ = χ 2l 2 then χ 2 = χ l 2 is a character of order l 2 and ζ l 2 = ζ 2 is a primitive l 2 th root of unity. The Jacobi sums J l 2 (i, j) and J 2l 2 (i, j) of order l 2 and 2l 2 respectively are defined as in the previous section. We also have ζ = −ζ
2.1. Properties of Jacobi sums. In this subsection we discus some properties of Jacobi sums from [2, 10] .
Proposition 3.
Let m + n ≡ 0 (mod e) but not both m and n zero (mod e). Then J e (m, n) = −1. 
Proposition 5.
J 2e (2m, 2n) = J e (m, n).
Proposition 6.
Let m, n, s be integers such that m + n ≡ 0 (mod 2l 2 ) and m + s ≡ 0 (mod 2l 2 ). Then
Proof. The proofs of 1 -5 follows directly using the definition of Jacobi sums (see [2] ). The proofs of 6 and 7 are analogous to the proofs in the 2l and l cases respectively (see [1] , [9] ).
Remark 2.1. Some of the Jacobi sums of order 2l 2 can be determined from the Jacobi sums of order l 2 . The Jacobi sums of order 2l 2 can also be obtained from J 2l 2 (1, n), 1 ≤ n ≤ 2l 2 − 3 for n odd (or equivalently, 2 ≤ n ≤ 2l 2 − 2 for n even). Further the Jacobi sums of order l 2 can be evaluated if one knows the Jacobi sums
3. Congruences for Jacobi sums of order l The evaluation of congruences for the Jacobi sums of order l 2 , l > 3 has been done by Shirolkar and Katre [10] . They escape the case for l = 3. In this section, we settle the case l = 3 and revise the congruence relations for the Jacobi sums of order l 2 which shall be used to evaluate the congruences relation for the Jacobi sums of order 2l 2 in the next sections. , For l = 3, sub-case (2) in Lemma 5.3 [10] reduces to (lx, ly) l 2 = (ly, lx) l 2 , x = y, x, y = 0. So the number of times these cyclotomic numbers will be counted in all its two forms is lx + nly l + ly + nlx l ≡ 0 (mod l).
So the contribution of S(n) for l = 3 is same as contribution of S(n) for l > 3. Hence Theorem 5.4 [10] is precisely revised as the following theorem.
Theorem 3.1. Let l ≥ 3 be a prime and p r = q ≡ 1 (mod l 2 ). If 1 ≤ n ≤ l 2 − 1, then a congruence for J l 2 (1, n) for a finite field F q is given by 
Some Lemmas
Lemma 4.1. Let p ≥ 3 be a prime and q = p r ≡ 1 (mod 2l 2 ). If χ is a nontrivial character of order 2l 2 on the finite field F q , then
Proof. As for α ∈ F q the number of β ∈ F q satisfying the equation β(1 + β) = α is same as 1 + χ
Lemma 4.2. Let l ≥ 3 be a prime and q = p r ≡ 1 (mod 2l 2 ), then
Proof. From Proposition 6 for m = 1, n = 1 and s = l 2 − 1, we have
Again by Proposition 5 and Theorem 3.1, we have i ) (mod (1−ζ l 2 ) l+1 ).
